BENJAMIN ONO ホウテイシキ ノ LAX カイソイウ ノ タジュウ ソリトンカイ ノ リアプノフ アンテイセイ ハドウ ゲンショウ ノ スウリ ト オウヨウ by 松野, 好雅
Title Benjamin-Ono 方程式の Lax 階層の多重ソリトン解のリアプノフ安定性(波動現象の数理と応用)
Author(s)松野, 好雅









Division of Applied Mathematical Science












$Hu(x, t)= \frac{1}{\pi}P\int_{-\infty}^{\infty}\frac{u(y,t)}{y-x}dy$ . $($ 1.1 $b)$
B. BO Lax
$\frac{\partial u}{\partial t_{n}}=\frac{\partial}{\partial x}\frac{\delta I_{n+2}}{\delta u}$ $(n=0,1,2, \ldots)$ . (1.2)
, $I_{\mathfrak{n}+2}$ BO $I_{1}$ 3
$I_{2}= \frac{1}{2}\int_{-\infty}^{\infty}u^{2}dx$ $I_{3}=- \int_{-\infty}^{\infty}(\frac{1}{3}u^{3}+\frac{1}{2}uHu_{x})dx$
$I_{4}=- \int_{-\infty}^{\infty}(\frac{1}{4}u^{4}+\frac{3}{4}u^{2}Hu_{x}+\frac{1}{2}u_{x}^{2})dx$
. , $\delta/\delta u$ :
$\frac{\partial}{\partial\epsilon}I_{n+2}(u+\epsilon v)|_{\epsilon=0}=\int_{-\infty}^{\infty}\frac{\delta I_{n+2}}{\delta u(x)}v(x)dx$ . (1.3)
$\bullet$ BO $t_{2}=t$ $\frac{\theta u}{\partial t_{2}}=\frac{\partial}{\partial x}\frac{\delta I}{\delta}uA$ .
1. (1.2) N-
BO Lax (1.2) N- ,
:
$u=u_{N}(x-x_{1},x-x_{2}, \ldots, x-x_{N})$ $(1.4a)$
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$x_{j}= \sum_{\epsilon=\{)}^{\infty}(-1)^{s+1}\frac{s+1}{2^{s}}a_{j}^{s}t_{\theta}+x_{j0}$ $(j=1,2, .., N)$ $(1.4b)$
$u_{N}=i \frac{\partial}{\partial x}\ln\frac{f}{f^{*}}$ $f=\det F$ $(1.4c)$
$F=(f_{jk})_{1\leq j,k\leq N}$ $f_{jk}=(x-x_{j}+ \frac{i}{a_{j}})-\frac{2i}{a_{j}-a_{k}}(1-\delta_{jk})$ . $($ 1.4$d)$
, $a_{j}$ ( $a_{j}>0,$ $a_{j}\neq a_{k}$ for $j\neq k(j,$ $k=1,2,$ $\ldots,$ $N)$ ),
$x_{j0}(i=1,2, \ldots, N)$ : , N-




$u_{1}= \frac{2a_{1}}{a_{1}^{2}(x-x_{1})^{2}+1}$ . (1.5)
C. BO N-
1. BO
$u_{t}= \frac{\partial}{\partial x}\frac{\delta H_{N}}{\delta u}$ $(1.6a)$
$H_{N}(u)=I_{N+2}+ \sum_{n=1}^{N}\mu_{n}I_{n+1}$ . $(1.6b)$
2. N-
N- $U_{N}=U_{N}(x)\equiv u_{N}|_{t_{0}=t_{1}=\ldots=1)}$ . $U_{N}$
(1.6) .
$\frac{\delta I_{N+2}}{\delta u}+\sum_{n=1}^{N}\mu_{\mathfrak{n}}\frac{\delta I_{\mathfrak{n}+1}}{\delta u}=0$ at $u=U_{N}$ (1.7)




$I_{n+1}(u)=A$ $(n=1,2, \ldots, N)$ (1.8)
$I_{N+2}$ .
b) $H_{N}$ $U_{N}$ .
$H_{N}(U_{N}+\epsilon v)-H_{N}(U_{N})>0$ (1.9)
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. $\epsilon v$ .
D. BO
$\bullet$ 1- Chen &Kaup 1980
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$\bullet$ N- Matsuno&Kaup 1997
$\bullet$ 2- Neves &Lop\’e 2006
E. KdV
$\bullet$ 2- Maddocks &Sachs 1993
$\bullet$ N- Kodama&Pclinovsky 2005
II. BO
A.
BO . $\phi^{+}(\phi^{-})$ $x$ ( )
$i\phi_{x}^{+}+\lambda(\phi^{+}-\phi^{-})=-u\phi^{+}$ (21)
. , , .
(Jost ) . :
$\bullet$
$\lambda$ :
$N(x, \lambda)arrow e^{i\lambda x}$ $\overline{N}(x, \lambda)arrow 1$ ($xarrow$ $\infty$) $M(x, \lambda)arrow 1$






$M=\overline{N}+\beta N$ ( $\beta$ : ). (2.3)
$\bullet$ $\lambda_{j}$ :
$\Phi_{j}arrow\frac{1}{x}$ $xarrow+\infty$ $(j=1,2, \ldots, N)$ $(2.4a)$
$\Phi_{j,x}-i\lambda_{j}\Phi_{j}=iP_{+}(u\Phi_{j})$ $(j=1,2, \ldots, N)$ . $($2.4$b)$
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B.
$I_{n}=(-1)^{n} \{2\pi\sum_{j=1}^{N}(-\lambda_{j})^{n-1}+\frac{(-1)^{\mathfrak{n}}}{2\pi}\int_{0}^{\infty}\lambda^{n-2}\beta^{*}(\lambda)\beta(\lambda)d\lambda\}$ $(n=1,2, \ldots)$ .
(2.5)
C.
$( \frac{\delta\lambda_{j}}{\delta u(x)})_{u=U_{N}}=\frac{1}{2\pi\lambda_{j}}\Phi_{j}^{*}(x)\Phi_{j}(x)$ $(j=1,2, \ldots, N)$ (26)
$(x-\gamma_{j})\Phi_{j}+i$
$\sum_{k=1,(k\neq j)}^{N}\frac{1}{\lambda_{j}-\lambda_{k}}\Phi_{k}=1$
$(j=1,2, \ldots, N)$ (27)
$( \frac{\delta I_{n}}{\delta u(x)})_{u=U_{N}}=(-1)^{\mathfrak{n}}$ ($n$ $1$ ) $\sum_{j=1}^{N}(-\lambda_{j})^{n-3}\Phi_{j}^{*}(x)\Phi_{j}(x)$ $(n=2,3, \ldots, N)(2.8)$




$(N+1) \sum_{j=1}^{N}b_{j}^{N-1}\Psi_{j}+\sum_{n=1}^{N}(-1)^{N-n+1}n\mu_{n}\sum_{j=1}^{N}b_{j}^{n-2}\Psi_{j}=0$ . (3.1)
, $\Psi_{j}=\Phi_{j}^{*}\Phi_{j}$ , $b_{j}=-\lambda_{j}=a_{j}/2$ . $\Psi_{j}$ , $\mu_{n}$
:
$\sum_{n=1}^{N}(-1)^{N-n}nb_{j}^{n-1}\mu_{n}=(N+1)b_{j}^{N}$ $(j=1,2, \ldots, N)$ . (3.2)
$\mu_{n}=\frac{N+1}{n}\sigma_{N-n+1}$ $(n=1,2, \ldots, N)$ (3.3)
, $\sigma_{n}(n=1,2, \ldots, N)$ . $b_{n}(n=1,2, \ldots, N)$
:
$\sigma_{1}=\sum_{j=1}^{N}b_{j}$






$Q(u)$ $u=U_{N}$ $\Delta Q$ :
$\Delta Q=Q(U_{N}+\epsilon v)-Q(U_{N})$ . (36)
, (1.8) :
$\Delta I_{n+1}=0$ $(n=1,2, \ldots, N)$ . (3.7)
$2 \pi n\sum_{j=1}^{N}b_{j}^{n-1}\Delta b_{j}+(-1)^{n+1}\Delta r_{\mathfrak{n}}=0$ $(n=1,2, \ldots, N)$ . (3.8)
$u=U_{N}$ $\beta\equiv 0$ $\Delta(\beta^{*}\beta)=\Delta\beta^{*}\Delta\beta$.
$\Delta r_{n}=\frac{1}{2\pi}\int_{0}^{\infty}\lambda^{n-1}\Delta\beta\cdot(\lambda)\Delta\beta(\lambda)d\lambda\sim O(\epsilon^{2})>0$ $(n=1,2, \ldots)$ .
, $\Delta r_{\mathfrak{n}}\sim O(\epsilon^{2})$ .
$\Delta b_{j}=\epsilon\int_{-\infty}^{\infty}(\frac{\delta b_{j}}{\delta u})_{u=U_{N}}v(x)dx+O(\epsilon^{2})$ (3.9)
, (3.8) $\Delta b_{j}$ , $\Delta b_{j}=O(\epsilon^{2})$
.
$\int_{-\infty}^{\infty}(\frac{\delta b_{j}}{\delta u})_{u=U_{N}}v(x)dx=0$ $(j=1,2, \ldots, N)$ (3.10)
, (2.6), (2.8) . $v$
$\int_{-\infty}^{\infty}(\frac{\delta I_{n+1}}{\delta u})_{u=U_{N}}v(x)dx=0$ $(n=1,2, \ldots, N+1)$ (3.11)
. (3.8)
$\Delta b_{j}=\frac{1}{2\pi}\frac{\sum_{n=1n}^{N\llcorner-1^{n}}\perp V_{jn}\Delta r_{n}}{|V|}$ $(j=1,2, \ldots,N)$ . (3.12)
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, $V$ Vandermonde , $V_{jk}$ :
$V=(v_{jk})_{1\leq j,k\leq N}$ $v_{jk}=b_{j}^{k-1}$ $V_{jk}= \frac{\partial|V|}{\partial v_{jk}}$ .
, (16), (37)
$\Delta H_{N}=(-1)^{N}\{2\pi(N+1)\sum_{j=1}^{N}b_{j}^{N}\Delta b_{j}+(-1)^{N+2}\Delta r_{N+1}\}$ . (3.13)
(3.12) ,
$\Delta H_{N}=(N+1)\sum_{n=1}^{N}\frac{\sigma_{N-\mathfrak{n}+1}}{n}\Delta r_{n}+\Delta r_{N+1}>0$ $(\cdot.\cdot\sigma_{j}>0 \Delta r_{j}>0 j=1,2, \ldots)$
(3.14)
. , (3.9) , N-
.
$\Delta r_{n}=0$ :
$\epsilon v(x)=\sum_{j=1}^{N}\frac{\partial U_{N}}{\partial x_{j0}}\delta x_{j0}$ . (3.15)
, $v$
$/- \infty^{\frac{\partial}{\partial x}}\infty(\frac{\delta I_{n+1}}{\delta u})_{u=U_{N}}v(x)dx=0$ $(n=1,2, \ldots, N)$ (3.16)
.
[1] Y. Matsuno, Recent topics on a class of nonlinear integrodifferential evolution
equations of physical significance, in G. Oyibo (ed.) Advances in Mathcmatical
Rescarch, Vol. 4, Nova Scicnce, New York, 2003, pp. 19-89.
[2] D.J. Kaup, T.I. Lakoba and Y. Matsuno, Perturbation theory for the Benjamin-
Ono equation, Inversc Problems 15 (1999) 215-240.
[3] Y. Matsuno, The Lyapunov stability of the N-soliton solutions in the Lax hier-
archy of the Benjamin-Ono equation, J. Math. Phys. 47 (2006) 1035051-13.
196
